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Abstract 

In this paper we obtain the necessary and sufficient conditions for embedding results of 
different function classes. The main result is a criterion for embedding theorems for the so- 
called generalized Weyl-Nikol'skii class and the generalized Lipschitz class. To define the 
Weyl-Nikol'skii class, we use the concept of a (A, /3)-derivative, which is a generalization 
of the derivative in the sense of Weyl. As corollaries, we give estimates of norms and 
moduli of smoothness of transformed Fourier series. 
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1 Introduction 



History of the question. One of the main problems of constructive approximation^ is in finding 
a relationship between differential properties of a function and its structural or constructive 
characteristics. This topic started to develop more than a century ago and in many cases 
the research was conducted as follows; authors considered a given functional class and by 
investigating the properties of its elements obtained embedding theorems with other functional 
classes. We recommend the articles by A. Pinkus [Fi] and V. V. Zhuk and G. I. Natanson 
Zh-Naj for a historical review. 



The following three classical results gave rise to development of new areas within the ap- 
proximation theory: 

(A) /^GLipa « EM) = o(J^) (0<a<l,reZ+), 



n 



(B) /WeLip« ^ u;r+i[f,^)=0(^-^^ (0<«<l,rGZ+), 

(C) /Glipa =^ feLipa (0 < a < 1). 

Result (A) was proved^ by D. Jackson (1911, [Jaj) in the necessity part, and by S. Bernstein 
(1912, |Be,S,l| , |Be,S,2| ) and Ch. de la Vallee-Poussin (1919, in the sufficiency part. 

The theorems of this type are called direct and inverse theorems for trigonometric approxi- 
mation. Direct theorems for Lp, 1 < p < oo (see the review |Zh-Naj ) are written as follows: 

En{f)p < C{k)u;Jf,^) , k,neN, (1) 

V n + 1/ p 



Inverse theorems for Lp,l < p < oo (see the review |Zh-Naj ): 



V n + l/p [n + 1)'^ 



u=0 



1 / 1 " °° \ 

( /('^\ ^) < C{k) Y.^v + lf^^-^E,{f)p + J] (z. + ir-'E^{f)p , fc, n G N. 

^ \ ^ ' u=0 v=n+l / 



(4) 

Here and further, the best trigonometric approximation En{f)p and the modulus of smoothness 
^k{f, S)p are defined by 

Eri{f)p = min ^||/ — T||p ; T G T„j , T„ = span {cosmx, sin mx : \m\ < n} 

and 

ujkif,5)^=snp\\Atfix)\\ (5) 

\h\<5 ^ 

A'jix) = (A,/(a;)) and A.fix) = f{x + h) ~ fix) 



^The concept became well known through Bersntein's paper |Be,S,4[ V. 2, p. 295-300; p. 349-360]. 
^See |Be,S,3| for a detailed review of the question before the 30-ths XX century. 



respectively. 

Note that the theorems on existence of the r-th derivative of / from a given space have 

oo 

been initiated by Bernstein |Be,S,l| . He proved that the condition ^ v''^^ Ey{f)ao < oo imphes 

j{-r) g (J Later, for Lp{l < p < cx)), the following results were obtained (see the review jZh-Naj 
and the paper by O.V. Besov |Be,0| ). For convenience, we write these results in terms of the 
Besov space and the Sobolev space W^: 

Bi, c w; c s;^ p = 1, oo, 
5;, c w; cBi, i<p< 2, 
c w; c e;, 2 < p < 00. 

Result (B) was proved by A. Zygmund (1945, |Zy,l| ). He was one of the first to use the 
modulus of smoothness concept of integer order introduced by S. Bernstein in 1912 ( |Be,S,l| ). 
At present, the moduli of smoothness properties are well-studied (jEj, |Zh-Naj ) and the result 
(B) follows from inequalities (see |De-Lo[ Chapters 2 and 6], j,To-Scj ) : 

UkJf,-) <^^u;k(f'^'\-) , k,r,neN (6) 
V n/p \ n/p 

1 °° 1 

C0k(f^'\-) <C{k,r) V , k,r-neN. (7) 

V n/p ^ — ^ V u/p 

u=n+l 

Comparing the last two inequalities and inequalities and (jH) we see that from © and 0, 
using ((H) and it is easy to get and (jH). 

Result (C) was proved by I.I. Privalov (1919, jEj). The most complete version of the 
inequahty, from which embedding (C) follows, was obtained by A. Zygmund ( |Zy,l| ) and N.K. 
Bary and S.B. Stechkin f |Ba-Stp and is the following one {p = 1, 00) 

~ 1 / " -.00 \ 

C0k{f^'\-) <C(fc,r) n-'=^z/'=+^-V(/,-) + J2 , k,neN,reZ+. 

^ ^ \ u=l ^ ^ u=n+l ^ ^ ) 

(8) 

Finally, we note the paper by G.H. Hardy and J.S. Littlewood |Ha-Lij in which seemingly, for 
the first time, some problems were formulated and solved in the same setting as in the present 
paper. For the historical aspects of this approach see also |0g| . 

Embedding theorems for functional classes. The results (A) - (C) as well as their generalizations 
mentioned above can be written as the embedding theorems of the following functional classes: 

' ' p 

w; 

w;E[i] 

We will study more general classes for which W^, Wp, WpHa[f], WpHa[4>], W^Epl^] are par- 
ticular cases. 



= {/GLp:/MeLp|, 
= {/eL,:7MGL,}, 
= {few;:uj^ (/M,5)^ = 0[y.(<5)]}, 

= |/Gl^;:c.„ (/M,^)^ = 0(0(5)] I , 

= {/Giy;:E„(/M)^ = 0[^(l/n)]}. 



Transformed Fourier series. Let Lp = Lp[0,27r] {1 < p < oo) be a space of 27r-periodic mea- 
surable functions for which |/p is integrable, and L^o = C[0,27r] be the space of 27r-periodic 
continuous functions with ||/||oo = max < x < 27t} . 

Let summable function f{x) have the Fourier series 



fix) ~ a{f) := ^ + J2 Mf) cosux + K{f) smux) ^ Mf,^)- (9) 



-t- 

By the transformed Fourier series of Q we mean the series 



a{f, A, P) := ^ Xu fli. cos ^ux + + sin ^z/x + 

where /? G R and A = {A„} is a given sequence of positive numbers. 

Studies of the transformed Fourier series are naturally related to the problems of Fourier 
multipliers theory (see |Be-Loj . Be-Il-Nij . |Zy,2[ Vol 1, Chapter III]), summability methods (see 
|Bu-Ne| Chapter 1.2], |Zy,2[ Vol 1, Chapter III]) and^ so-called the fractional Sobolev classes 
or the Weyl classes. 

We call the class 

Wp^'f" = [f e Lp : 3geLp, g{x) ^ a{f, X, P)] 

the Weyl class. It is because A„ = 'n.'",r > and [3 = r the class W^'^ coincides with the class 
W^, which is defined in the term of fractional derivatives Z^^-* in the Weyl sense ( |Zy,2[ Vol. 
2, Chapter XII]). In the case A„ = n'',r > and (3 = r + 1 the class W^'^ coincides with the 

class Wp. We call the function g{x) ~ cr(/, A,/5) the (A, /5)-derivative of the function /(x) and 
denote it by f^^^^\x). 

Generalized Weyl-Nikolskii class. In the definition of this functional class we use the modulus of 
smoothness concept uJa{f,S)p of fractional'^ order of a function /(x) G Lp, i.e.. 



^a{f,S)p = sup ||A^/(x)|| 

\h\<S 



where 



A^/(x) = Y.(-^y r)f{x + {a- u)h), a > 



u=0 

.5 



is the a-th difference of a function / with step h at the point x. It is clear that for a G N this 
definition is the same as (0). 

Let $a (a > 0) be the class of functions ip{S), defined and non-negative on (0, vr] such that 

1. ^(S)-^o (5^0), 

2. (f{6) is non-decreasing, 

3. 6^°'(f{6) is non-increasing. 

For such a > 0, (y9 G $Q, and A = {A„} the generalized Weyl-Nikolskii class is defined similarly 
to the classes W^H^'lip] and W?;if"[0]: 

Wp'^f^H^^] = {fe Wp'^f' : uj^ (/(^'^), 5)^ = O [^(5)] , 5 - +0}. 



■^See also references to |Ba,2| §13, Chapter II]. 

''The term "fractional" can be found in earlier papers ( |Bu-Dy-G6-St| and |Tap which used this definition. 
As in the case of fractional derivatives, the positive number a that defines the modulus order is not necessarily 
rational. 

^As usual, (^) = fo^ ,y>i^(^J^p for ^ 1, and (f) = 1 for = 0. 



It is clear that if Xn = n'',r > and l3 = r, then Wp'^^ Ho,[(p] = WpHa[(p] and if = n*", r > 

and /? - r + 1, then W^^^H^iif] = W^Hj^ip]. 

In the case A„ = 1 and (5 — Q the class VF^ '^ifaff/?] coincides with the generalized Lipschitz 
class H^, i.e., 

HM = {/ e i^p : ^a(/, S), = O 5 ^ +0}. 

In particular, 

Lip (7, Lp) = Hi [5-^] = {/ e : u,{f, 5), = O [5^] 5 ^ +o}. 

The problem setting and the structure of the paper. In this paper, we obtain embedding theorems 
for the Weyl class W^'^, for the generahzed Weyl-Nikolskii class Wp'^^HcX^] and for the gener- 
alized Lipschitz class Hp^uj]. We show a relation between the parameters a and 7 depending 
on the behavior of the sequence {A„} and on the metric Lp. 

The remainder of the paper is organized as follows. In section 2 we present the main 
theorem. Sections 3 and 4 contain the proofs of the sufficiency and necessity parts of the main 
theorem respectively. In section 5 we provide several corollaries. In particular, we describe the 
difference in results for metrics Lp, 1 < p < 00 and Lp^p — 1, 00. The estimates uj^{f^'^\ 5)p and 
uj^{ f^'^\ S)p are written in terms of S)p for different values of r, 7 and /3. The concluding 
remarks are given in section 6. 

2 Embedding theorems for generalized Lipschitz and 
Weyl-Nikolskii classes 

For A = {An}^gN we define AAn := A^ - A„+i; A^A^ := A (AA„). 

Theorem 1 Let 6 — min(2,p), a e R+, /3 e R, and A = {A„} he a non- decreasing sequence 
of positive numbers. Let p he a non-negative numher such that the sequence {n'^Xn} is non- 
increasing. 

I. Let 1 < p < 00. Then 




II. Let p = 1 or p = oo. 

(a) // A^A^ >0 or A^A^ < 0, then 



cos 



^1 ^ (K.+i - A„)t^ (- 

n=l ^ 



+ |sin^|f;A.5^<oc; 



n=l 



n 



(14) 



and z/, additionally, for some r > t/ie following inequality holds, 



A^ ( — ^ ) > with r = p + T sign 



sm 



then 



(^"'A, - (z/ + l)-^A,+i) uj (-) 

u=l 

u=n+2 ^ ^ 

^ oo 
I • ^^1 \^ \ 



+ cos ■ 



+ A„+it^ 



1 

n + 1 



n + 1 



(15) 



(b) If for 13 = 2k, A; G Z, the condition A^ (1/An) > holds, and for (3 ^ 2k, A; G Z, conditions 

oo 

A^ (1/A„) >0 and J2 ^ < ^ fulfilled, then 



u=n+l 



An. 



uo I - 

n 



(16) 



anc? z/, additionally, for some r > t/ie following inequality holds, 

A^ > or A^ < with r = p + r sign 

then 



sm 



A. 



n 



(17) 



3 Proof of sufficiency in Theorem 1. 

We will use the following notations. 

Let a function /(x) G L have Fourier series ©• Then S'„(/) denotes the n-th partial sum of 
©, Vn{f) denotes the de la Vallee-Poussin mean and Kn{x) is the Fejer kernel, i.e., 

n ^ 2n—l 1 " /l \ 

5„(/) = 5^A,(x), v;(/) = - 5^ 5.(/), ir„(x) = -^5^ - + ^cosmx . 

u=0 u=n u=0 \ m=l / 



The following lemmas play the central role in the proof of Theorem 1. 



Lemma 3.1 Let f{x) G Lp, 1 < p < oo, and a > 0. Then 

Ci(p,aV,(/,i)^< (n-"||ri")(/,x))||^+||/(x)-V;(/,x)i|^^ ^ (18) 
U fi.^) ^ Lp, \ <p < oo, then 

Ci(p,aK(/,^)^< (n-"||S(")(/,a:))||^+||/(x)-5„(/,x)||^) (19) 

Proof of Lemma \3. 11 The estimate from above Ua follows from the inequality (see 

|Bu-Dy-Go-St| ) uJt^,^) < C{p,a)n 
order n. We get 



-L n 



, where T„ is a trigonometric polynomial of 



< C{p,a)(n--\\Tt^\l+\\f-T^\ 



Now we will estimate Ua from below. We need the generalized Nikol'skii-Stechkin 

< C{p, a)uJa[Tn, M and the generalized Jackson inequality 



inequahty (see |Tap n " 
(see |Bu-Dy-Go- 



En{f)p < C{a) f 



n + l 



(20) 



It is well known that the Vallee-Poussin mean is the nearly best approximant, i.e., 

||/-K,(/)||,<CE„(/),. (21) 

Then, 

n-" ||vj")(/,x)||^+ ||/(x) -V;(/,x)||^ < C{p,a) (^^{v,,,^ ^ + Er,{f))j 
< C(p,a)(^^«(/,i)^ + cu,(/-K,i)J <C(p,a)cu„(/,i)^, 
and (fT^ is proved. Using 

\\f-SM)\\p<Cip)EM)p (22) 

for 1 < p < oo, we will have (|19p similarly. This completes the proof of Lemma [3.11 

We note that ()18|) and (fT^ are realization results (see paper |Di-Hr-Iv] by Z. Ditzian, V. 
H. Hristov, K. G. Ivanov). 

OD 

Lemma 3.2 (fSt]). Let f{x) E Lp, p = l,oo, and let k~^Ek{f)p < oo be true. Then 

k=l 

f{x) G Lp and 

EnCf)p < C [En{f)p + ^~^Ek{f)A , n G N. 

\ k=n+l / 



Lemma 3.3 Let p = 1, oo and {A„} be monotonic concave (or convex) sequence. Let 

n 

Tn{x) = ttu COS ux + bi, sin ux, 

u=0 
n 

T„(A,x) = (g^ cos ux + b^ sin ux) . 

Then for M > N > one has 

\\TMi\x)-T^{\,x)\\^ < fx{M,N) \\Tm{x) - r^(x)||^, 

where 

( 2M{\m - \m-i) + A;v+i - (iV + l)(A7v+2 - A;v+i), if K T (n T), A^A^ > 0; 
/i(M, N) = 12\m + {N+ 1){\n+2 - Ajv+i) - Ajv+i, if A„ T {n T), A^A^ < 0; 

[(Ar + l)(Ajv+i-Ajv+2)+Ajv+i, if \ni [n]), A^A^ > 0. 

Proof of Lemma \S.S[ Applying two times Abel's transformation we write 

1 } 

||Tm(A,x) - TAr(A,x)|| = - I {Tm - Tn) {x + u) Kcosuudu 

TT / ^ — ' p 

u=N+l 

= -|| / (Tm - Tn) (x + u)| ^ (A, - 2A,+i + K+2) {v + \)K,{u) 

+ (A^+2 - Ajv+i) (A^ + \)Kn{u) + (Aa/-i - Am) MKM-x{u)\du + A*/ (Ta/ - Tjv) 

A/-2 

< \\Tu{x)-Tn{x)\\^ Y1 |A.-2A,+i + A,+2|(z/ + 1) + |Am-i-Am|M + Aa./} 

u=N+l 

= : \\TM{x)-TN{x)lIiM,N). 
First we estimate /(M, A^) in the case A^ t t), A^A^i > 0. We have 

M~2 

I{M,N) = (A. -2A,+i + A,+2)(/^ + 1) + (Am-Am-i)M + Am 

i/=7V+l 

= -{N + 1) (Aiv+2 - Aiv+i) + (Atv+i - Am-i) + Am + (2M - 1) (Am - Am-i) 
= -(N+l) {\n+2 - Aiv+i) + A,v+i + 2M (Am - Am-i) • 

If A„ T T), A2A„ < 0, then 

/(M, N) = {N + 1) (Ajv+i - Ajv+2) + (Am-1 - Ajv+i) + Am + (Am - Am-i) ■ 

Finally, if A„ i (n t), A^A^ > 0, then 

J(M, N) = {N + l)(Ajv+i - Ajv+2) + A^+i. 

This completes the proof of Lemma 13.31 



2^1+1 

Lemma 3.4 Suppose p = 1, oo. Let 2"+i(x) = ^ icucosux + d^smux); then 



T2", 2"+i 



i/=2' 

< ||T2n^2"+i(a;)||p < C2 



T2n^2"+i(2;) 



(23) 



Proof of Lemma We rewrite T2n 2"+i(^) in the following way 

2n + l 



) = — ^z/c,y COS px + sin z/a; j . 



u=2" 



Applying Lemma f3. 31 and the Bernstein inequality we have 



- 2", 2" 



2" 



271 + 1 

^i/Cjy cos vx + i/c/j, sin vx 

u=2" 
2"+i 

— (ij, cos vx + c,^ sin vx 

\v=2^ 



< c 



2", 2"+i 



The (a;) works for the left-hand inequality of ()23|1 . The proof is now 

complete. 

Sufficiency in (HOD - (fT7|l . 



I. 1 < p < 00. In this case, if = 1, the Riesz inequality ( |Zy,2[ V. 1, p. 253]) ||/||p < 
C{p)\\f\\p implies 

||/(^'^)||,<C(p,/?)||/||,. (24) 

Henceforth, C(s, t, ■ ■ ■ ) will be positive constants that are dependent only on s, t, ■ ■ ■ and may 
be different in different formulas. 

Let the series in the right part of (fTUj) be convergent and / G H]^^^[uj]. We will use the 
following representation 



ji+i 



■^2" — A^ + (-^21^-1 — \%-2) . 

u=2 

Applying the Minkowski's inequality, we get ^ here and further Ai := y4i(/, a;), A„_|_2 



2"+i 

^ Ay{f,x), where Ay{f,x) is from Q 



2-K 



^ 



A2n-lA^ 



n=l 



< c^(p) 



A? 



27r r 



n=l 



s=2 



/' 2-K 

/ 


00 


* 1 

dx 


11 


I 


_n=s 







(25) 



By the Littlewood-Paley theorem ( |Zy,2[ V. II, p. 233]) and (j211), we write 

( 00 

h < c{p) \{\\f\\l + {\% - xU) euu\ 



(26) 



s=l 



Then, both the generahzed Jackson inequahty and / G Hl^^pluj] imply Ji < oo. Thus, there 
exists a function g E Lp with Fourier series 

oo 

^A2n-iA„, (27) 

n=l 

oo 

and also \\g\\p < C{p)Ii. We rewrite series flTTj) in the form of ^ 7„y4„(/, x), where 7^ : = 

n=l 

Aj, z = 1, 2 and 7,^ := for 2"~^ + 1 < z/ < 2" (n = 2, 3, ■ ■ ■ ). Further, we write the series 

00 00 

Y,^nAn{f,x) = Y,1nAnAn{f,x), (28) 
n=l n=l 

where Ai = A2 = 1, := A^/7„ = A^^/Aa" for 2""^ + 1 < z/ < 2" (n = 2, 3, • • • )• The sequence 
{A„} satisfies the conditions of the Marcinkiewicz multiplier theorem (fZy,2| V.II, p. 232]), i.e., 
series fl28|) is the Fourier series of a function f^'^'^^ G Lp, ||/*-'^'°^||p < (7(^)11(711^. Then, inequalities 
(EOI), (El and (EHI) imply 

1 

00 2"-! 



||/(^-^)||, < C{p,(3)lxl\\f\\l + J2EUif)p E (Ci-A^) (29) 

< C{p, p, a, p) |a?||/|| J + (A^^, - Xi) J^^^ [f, 

i.e., the sufficiency in pO|) has been proved. 

Let the inequality in (fTT|) hold, and / G if^^p[u;]. Let us prove / G Wp'^Hf^\. First we 
estimate uja{f^'^'^\ ^)p- By Lemma IXTl 



<C^(p,«)(||/(^'^)-5„(/(^'^))||, + n-"||5(-)(/(^'^))||,). (30) 
Using for the function (/ — S'„), we have ([a] is the integer part of a) 

{2n 

00 



s=n+l 



(31) 



Further, we estimate the second item of (j3(jp . Let m be an integer such that 2™ < n + 1 < 
2m+i_ ^j]] ]^gj,g ^]^g representation 

m 



Then, using Lemmas 13.1113.31 we can follow the way of proof in ()25|) - (f^ . Then, one can obtain 



' X: {--''K - + ir^'XU -("^"^^^^p (/, ^) V. (32) 

u=l ^ ^ P J 



+ n 



We use dSH), (El) and the right part of (HH) to obtain / G W^'f^H^iip]. 

Now we prove that conditions j- = O [uj (^)] and = O [oo (^)] are sufficient for 

W^'f" C i^^+p[cu] and W^'^H^i^] C if^+p[cu], respectively. 

From the properties of the sequence {A„}, using the Littlewood-Paley and the Marcinkiewicz 
multiplier theorem, we get 



a+p 



/, J < Cip,a,p){\\f - SM)\\p + n~^^-^'msi-^'\mp) 

Then, by Lemma (3. H the following inequalities are true 

uJa-,p(f,-) <C{p,f3,a,p)X-'ujJf^''^\-) <C{p,(3,a,p)X~'\\f^''^^\\,. 



Thus, the first part implies sufficiency in (fT^ and the second implies sufficiency in fll2p . 

II. p = 1 or p = oo. Let the series in (fT^ be convergent, and let / G H^j^plu]. Consider 
the series 



cos^V,{X,f) - sin^V.iXJ) 



(33) 



n=l 



where Vi(A,/) := AiAi(/,x) 



n 2n— 1 ^ 

K,(A,/):=a(A,K(/)) = $^A„A„(/,x)+ ^ A^M 

m=l m=n+l ^ 



m — n 



n 



Am{f,x) in>2). 



Let M > > 0. From the inequality ||/ — Ki(/)||p < CEn{f)p and the Jackson inequality 
and using the properties of {A„} and the outline of Lemma ESI "we get 



A 



M 

E 

n=N 
M 



COS ^ (V2.+i(A, /) - V^^iX, /)) - sin ^ ( V2"+i(A, /) - V^^iX, f) 



cos^||m"+i(/)-r2n(/)|| f J2 |A^A^|(m + l) + 2"+2|AA2. 



m=2" 



+ sin 



F2„+i(/)-F2"(/) 5^ |A2A„|(m + l) + 2"-*-2|AA2n+2„i| 



m=2" 



+ COS 



M 



A2n + 2 {V2n + 1 — 1^2") (/) 



n=N 



+ sin 



7r/3, 



M 

A2n + 2 ^V2n + 1 — V2i^ (/) 



< CjAaiv (^|cos^|E2^(/)p+|sin^|E2iv(/) 

+ X] - A„) M COS ^1 UJo,+p (f, H 



sm— ^c.+p /,- 
2 \ n 



(34) 



To complete the proof of the sufficiency part in (HD), we apply Lemma inequality Q (see 
|Taj for the case k > 0), and inequality (j20|) . Then the convergence of series in (|T4|l and 
/ G if^+p[co'] imply that there exists ip E Lp such that series fjHH|) converges to in Lp. Let us 
show that cr{ip) = cr(/*^^'^^). If F„ is the n-th partial sum of ()33|) . then, say for cosine coefficients, 



a„(v9) = a„(v9 - FAr+„) + an{FN+n) = an{(p - Fn+u) + a„(/^^'^^). 



and 



7r 

a„(v? - Fn+u) = ~j (V^ ^ ^Tv+n) i^) cosnxdx < C{p) \\ip - FN+n\\p — ^ (A^ oo). 

— IT 

This completes the proof of the sufficiency part of (jl4j) . 

Let / G H^^j.[uj] and the condition in the right part of (fT^ hold. We will estimate from 
above cua {f^^'^\ By Lemma (3. 11 



Let us show that 



n 



cos ■ 



^ (Aiz+l — Ai.) C^Q+r I /, — j 



v=n+l 



+ sm 



7r/3, ^ A. / lA \ 

v=n+l ^ ' Vj 



(35) 



We have already shown that A 



M 



n=N 



. Then for 2™ < n < 2"+^ 



u=m+l 



= : h + h. 
By Lemma [3 .41 we have 

h = cos^(V;(A,/)-V^2'"+i(A,/))-sin^(K(A,/)-iW(A,/) 



E (V2^(/(^'^))-K2...(/(^'^))) 



< l|K(A,/)-V^2"^+i(A,/)|l + K(A,/)-V2'"+i(A,/) <C||V;(A,/)-r2™+i(A,/)|l 



and, by Lemma we get Ji < XnUJa+r (/, 
Secondly 



Jo < I cos 



TTf3. 



v=ra+l 

As in (jnH), we have 

M 

u=N 
M 



+ sin 



oo 

E (l^.(A,/)-t^(A,/)) 



u=m+l 



Af M 

5^ (^^(A,/)-iw(A,/)) < 5ZA2.+2 (vr.(/)-i^:;(/)) 



M 



P 



+ J] k2^(/)-^2^+i(/) |A'A„|(m + l) + 2'^+2|AA2.+2| =:/2i + /22. 



u=N 



m=2v 



By Lemma 

hi < A2iV+l V2A^+i(/) — ^2'v(/) + (A2'^+2 — A2^+l) V2'^+i(/) — ^2'-(/) 



M 



u=N 



(00 00 00 \ 

A2iV+i5^E2^(/)p+5^(A2.+2-A2.+i)^i?2^(/)J <C5^ ^uJ^^if^-\ , 

~ °° A^ / lA 

h2 < C* ^ (A2^+3 — A2^-l) -E'2''(/)p < C* ^ — CUa+r ( ~ ) ' 

and follows. 

Repeating the argument in ()34|) . we estimate n~° Vn"\f'^^'^^) . By Lemma 13.31 and by 

p 

inequalities (|^ and (EH), we write 



Ai/ A,y+i 



V 



(36) 

By means of (jH^j) and (jHBj) we get / G because of the condition in (fT3j) . 

Let us prove (fTBj) . Let / G To estabhsh / G H^^p^u), we shall first estimate En{f)p 

for the case sin ^ 7^ 0. Repeating the reasoning in (jH^ . by (EH), we get ( 2™" < -n, < 2"^+^ ) 



00 ^ 

^n(/)p < CYl-\\{V[2^-^-V2^)if^'''% 
— ^2" ^ 

00 ^ 

< CE[2.-1](/(''^))p5^^<C(p,p) 



If sin ^ = 0, it is easy to see that 



Substituting the bound for En{f)p into Q and using the fact that n^X^^ ] T); "we can write 



a+p 



O 



UJ 



n 



i.e., / G Hl^^pioj). This completes the proof of the sufficiency part in (fTHj). 
Let the right part of (fTTjl be true, and / G if^_,_p[co']. First let us prove that 



(37) 



U f3 = p + 2m, and therefore, r = p, then = Vi"^ (^{0, /(^-z^)) and, by Lemma HO 



If (3 p + 2m, and therefore, r > p, then by Lemma 



n 



u=0 



— ^2" 



u=0 



p M 



' r\ur 1 \ onr 



we can write 



Thus, by (IHTjl and the estimate En{f)p < f^-^[ii] 

^«+. (/, I) < C{a,r) + EM)p) 



< 



C{a,r] 

An 



Hi) 



o 



UJ I - 

n 



Thus, = O [cj (i)] is sufficient for W^^l^Hjyip] C Hl^^[uj]. 



4 Proof of necessity in Theorem 1. 

First we define the trigonometric polynomials Tn+i{x): 

n+l ( 

Tn+i{x) = ^^Q;"sinjx, where ctj = "j j 



1<J<^ 



j=l n+2' 

We will use the following lemmas as well as Lemmas 13.1113.21 
Lemma 4.1 (j^). Let /(x) G Li have the Fourier series (0)- Then 



B±l<j<n + 1. 



En{f)i > C 



CO , 

V 

I/— n+l 



Lemma 4.2 ((ZyJl V. 1, p. 215]) Letl <p < oo. 

oo 

(a) // a function f{x) G Lp has the Fourier series ^ {ap cosT^x + hy sin2'^x), then 



(b) Let an,bn{n G N) be real numbers such that ^ {(^l + bl) < oo. Then ^(a,^cos2'^x + 

j/=i i/=i 
biySm2''x) be the Fourier series of a function f{x) G Lp, and 



< 



u=l 



Lemma 4.3 ( |Ba,2 Vol.2, p. 269]). Let f{x) G L^ have the Fourier series ^ (aj, cos 2^^^ + 
bi^sm2'^x), where a^^by > 0. Then 

oo oo 

Ci E(«e + h) < ^2-i(/)oo < C2 E(«c + k)- 

We need the following definitions. Let uj{-) G 
We call a Q a, eiyj)- sequence if 

< t/-^ < n"a; ( i ) , ^n] {n \) (38) 



We call e a qa^eiu) -sequence if 



(39) 



< < ( ) , Sni [n]) (40) 



n + 1 

71+1 



(41) 



Necessity in (HOD - (HZD. 



We prove the necessity part by constructing corresponding examples. The proof is in eight 
steps. 

I. 1 < p < oo. Step 1. Let us show the necessity part in (fTUj) . 
Let a;(-) G ^a+p and 9 = min(2,p). We will construct a sequence ip that will be a Qa+p,e{^)- 
sequence. 

Let us assume that we have chosen integers 1 = ni < n2 < ■ ■ ■ < n^. Then, we define Us+i as 
minimum of integers N > ris such that 



L 1 < 1 ( —] < ( 



We set 



0, 



P+'^uj (^^) , if n,<n< Us+i, 



if n = 0. 



It is easy to see that this sequence is required. 

Let H^_^_p[uj] C Wp'^, and let the series in (fTUj) be divergent. By means of properties of 
sequence {ipn}, we have 



oo 



< 



Step 1(a): 2 < p < oo. We consider the series 

oo 

T^^^^P) (^2^ - ^2-1 ) ^ COS I^'X. 



(42) 



Since 



-2i/(a+p) 



+p) 



oo 



< 



(43) 



then, by Zygmund's Lemma (4.21 series (j42j) is the Fourier series of a function fi{x) G Lp. By 
Lemmas 13.11 and 14. 2t 



where a^, = 2^^°+'') (^ipliy — ipl„-i) ^ . Repeating the argument in we get 
because of (IHHl) and 



/ oo \ 2 . 

/2 < C(«,p) ^ 2-2'^("+^)V^2'^ < C7(a,p).;(- 



because of fl^ . 

Thus, /i(x) G [cj] . Then from our assumption, /i(a;) G IVp''^. On the other hand. 



fl''^^ >C{a,p,e) K^A 



2„-2(a+p)-1^2 



OO. 



This contradiction proves the convergence of series in (fTUI) . 
Step 1(b): 1 < p <2. Consider series^ 

oo 2" 

V'icosx + J]2-'^("+'')2"(p-') (V'f. - ^^^Z"^- (^^) 

a„ > and < /3 < a < 00), we write 



Using Jensen inequahty ( ^ a" ) < I X] '^n 



n=l 



n=l 



27r 



P 

2-1 f 



27r 



< 



2" 

cos yua; 



dx 



00 



u=l 



because of Ci(p)2^(P-i) < 



^ cos 

^=2'^- 1+1 



< C2(p)2^(P-i). By the Littlewood-Paley theo- 



rem, there exists a function /2 G with Fourier series (jUj). One can see that /2 G if^_,_p[a;]. 
Then /2 G W^'^. On the other hand, Paley's theorem on Fourier coefficients |Zy,2[ V.2, p. 121] 
imphes that for /2 G Lp 



(A,/3) 



2" 



^=2'^-i+l 



00 

> Ci(a,p,p)5^CA>-P('^+'')-^-C2(a,p,pXA^2-^("+'')-i = 00. 



i/=i 



This contradiction shows that the series in the right part of (llUj) converges. This completes the 
proof of the necessity part of (jTU)). 

Step 2. Let us prove the necessity in (fTT|) for 2 < p < 00. 

00 

We notice that by Lemmas 13.11 and 14.21 we have for f{x) ~ ^ (a;yCos2'^x + 6i,sin2''x) 



^ ^ P V iy=l J \iy=Tn+l 



(45) 



Let G $Q,+p. One can construct^ a sequence e such that e is a gQ,+p^e(^)-sequence. We 
consider for this case 



£0 + {^l — ^l) ^ cos X + X] {e\u — eiu+i) ^ cos 2^x. 



(46) 



^Series of this type was considered in |Ti,M,2| . 
^See, for example, |Ge| . 



Repeating the argument for series we obtain that series is the Fourier series of a 
function G Lp. Since -E'2"-i(/3)p < C{p)e2", then by Q, PT|) imphes /s G -^^^^^[co']. We 
define /13 := /i + /a- We have /13 G H^+p[uj] C It is easy to see from that 

da.,) (/g- > {fr. ^l^^. (/f - ;^)^. (4T) 

Let us estimate cj^ ^/i^'^'', • By (jlKjl . using the properties of the sequence {■1/';^}, we 
have (2™ < n + 1 < 2™+i) 

> ^(«'^)(^".i-'(;7iT)+ (48) 

Now we estimate uJa(^ft''^\ • By g^, we have (2"^ < n + 1 < 2'"+i): 

m 

> Ci(a,/?)2-2™"^22''°A2.52^ -C2(a,p)A|„+i4„+i. (49) 

The Jackson inequahty imphes 

> C{a,(3)Xlmelra. (50) 
Both estimates and (I^Uj) imply 



1 

^« > /5) (^(r^ + 1)'^" E >^y-'el\ ' . (51) 

Using (PT|1 and u^^X^ |, we get 

n+l 

< C{a,p){n + l)~'-Y.^'-~'^y^- (52) 



Combining estimates (gTj), (gHl), (EH), (jS21), and (^/^^g ''^^ = [v^ (^)]' a™^^ ^he 

condition in the right part of 



Step 3. Let us prove the necessity in (fTT|) for 1 < p < 2. The proof for 1 < p < 2 is similar 
to 2 < p < oo. The only difference is that we use Paley's theorem on Fourier coefficients instead 
of Zygmund's theorem. In this case we consider the sum of f2{x) and the following function 



£0 + (£?-4)^COSX + ^2Ki-l) (^P^^^ J2 COS 



(53) 



u=0 



Step 4. To prove the necessity in (fT^ and (fTBj) . we consider the general case 1 < p < oo. 
Let $ be the class of all decreasing null- sequences. It is clear that 



1 



O 



UJ 



n 



V 7 = {7„} G $ 



7n 



O 



Let us assume that = O [cu (^)] does not hold for all 7 G $ and W^'^ C H'^^_^\^\. Then 
there exist 7 = {7„} G $ and {C„ | 00} such that ^ C'ncu • Further, we choose a 
subsequence such that ^ > 2 and 7m,„ < 2^^^. Consider the series 



E 



7r> 



cos(m„^ + 



(54) 



Since ^ < ^-i— ^ 2^ < 00, there exists a function /4 G Lp with Fourier series (jSHl- 



fc=o 

00 



"0 fc=0 
00 



Because 7m„, < E ^ < ^e have /^^'^^^ G Lp, i.e., /4 G W}^^ 



^fe — ^ 2 

fc=0 fc=0 



On the other hand, by (gDI) and E„_i(/)p > C (|a„| + |6„|), 

^^a+p (/4, ^ ) > C{a,p)Em„^{f4)p > C{a,p)^^ > C{a,p)Cn,uj ( — 

i.e., /4 ^ if^_,_p[co']. This contradiction implies that the condition ^ = O [cu (^)] is necessary 
for W^^^ C Hl^p[u]. 

Step 5. To prove the necessity in ()13p and ()17p . we verify that for any p > and for any 

1 < p < 00, 



An 



n 



(55) 



First we remark that 



A. 



UJ 



V 7 = {7„} G $ 



7n<^ (^) 

Ai,. 



Assume that the relation in the right hand side of ()55|1 does not hold. Then there exist 



7 = G $ and {C„ t 00} such that ^'""f^'""^ > C„cj ^ ^ 



We choose a subsequence 



{m^,} such that > 2 and 7„,„^ < 2-^ Because ^ 7^„^(/? f;;^^) < ^ (;^) E ^ < 

there exists a function /s G Lp with Fourier series 



00, 



fc=0 



fc=0 



cos(m„j^ + l)x. 



(56) 



For m„j. <n< mn^^^i by Lemmas 13.11 and 14.31 we have 



^ ^ (^) E^™- +^ (^) E ) < f- ) • 

Therefore, U e i^Sb], i.e., setting i := | . . . |^ we have /i^'""^ G W^'^H^[ 



However, we have 



.... (fr'\ ^) > CE,^... > C^==^ > CC„,. (^) , 

\ '"'nk/p "^"k \"''nk/ 

i.e., /^^' i Hl+p[ uj]. This contradicts our assumption. The proof of the necessity part in 
(inil-dll) and (Iini)-(ini) is now complete. 

II. p = 1 or p = oo. Step 6. Let us prove the necessity in (fT^ . Let Hl^^^[u] C W^'^ and 
the series in ()14|) be divergent. 

Step 6(a): sin ^ 0. Then the diver gence of the series in ()14p is equivalent to the divergence 

oo 

of the series V —oj (-) . 

^ n \nJ 
n=l 

Let p = 1. We take a sequence e which is a gQ,+p_ i(ti;)-sequence and consider the series 

oo 

Y,{eu-e,+i)K,{x). (57) 



v=l 



This series is convergent in Li (see |Gej ) to a function fe{x), En{fe)i = O (e„). By means of 
&, (jlH), we get /e G H^_^_p[uj] C One can rewrite (jKTj) in the following form 



'S^a^cosux, where = — u'S^ — ^^i. 

1 ^ J + 1 



By Lemma f4.H 



f{A,/3) 



1 u \ ^-^ V ^-^ ^-^ 7 + 1 

v=\ \v=\ u=l j=u 

oo -. oo 
At. 



C{(3) I ^ -^£1. - ^(oi, - a^+i)A, 



V 



> c'i(/?)5^^£,-C2(/3) Aiai + 5^(A„+i-A„ 

i/=l \ n=l 

Using (gOl) and (jUJ, we get 

00, oo-,^^\ 00 1/ 

u=l u=l ^ ^ i/=l m=l 



00 00 ■. 00 

C{p) J2 ^"-^'-'sm J2 ^ C'(p, a) 5^ ^5^. 

Z — / Z — / Z — / ^ 

m=l v=m m=l 



Therefore, 



(A,/3) 



> Ci{a, p, (3) ^ X^v ^uj {- \ - C2{a, p, 



(5^ 



On the other hand, using monotonicity of {du} and Lemma f4. 11 we have 



C{P,p) 



(A,/3) 



u=l 



u=0 



> Aitti + ^a2>'(A2-'+i — A2-') > Aitti + ^(Ai.+i — A 



(59) 



u=0 



From (jSHI) and (jSH) we get 



{A,/3) 



00. 



This contradiction imphes the convergence of series in (|14j) . 

00 

Let now p = 00. Define the function (see |Ba,l| ) f-jix) = Yl s^u^^ smux, where e is a 



go+p,i(u;)-sequence. We have -En (A) 00 < Csn+i- Using Q and (gT]), we get f-j G H^^j^ [uj] C 



Wp'^. On the other hand, 



00 



{A,/3) 



> 



Ao" 



z/=0 



2i^(a+p) 



> C{a,p,P)f2Ki^-'u;(^y 



This imphes the convergence of the series in ()14|) . 

Step 6(b): sin ^ = 0. Let the series in (fT^ be divergent. We will consider only the 
non-trivial case p > 0. Let e be a g^+p, i(^^)-sequence. By means of the properties {A„}, we 
have 



,m=0 



^ (A^+1 - A^) ( - J < C{a,p)'^{62s - e2s+ 

s 00 

^ ^ ^m{<.+p) ^ 2-'^("+^) (Aa-- - A2^ 

m=0 !^=s+l 

00 

< C(a,p)5^( 



^ 2'"("+'') ^ 2-^("+'') (A2. - A2.-1) 



Let p = 1. The series 



(60) 



(61) 



converges ((Oil) to a /s G Li, and En{f%)i < Csn+i- Then /g G iJ^+p[co'] C ly^''^. We rewrite 
(|UT| in the following way 



^6,,sinra, where K = \ I - — — j (e^ - g^+i) + ^ — — - (e,, - e^^+i 



)• 



By Lemma f4.H we write 



{A,/3) 



This contradicts the divergence of the series in ()6U|). Thus, the series in ()14|) converges. 
Let j9 = oo. Let ■?/' be a Qa+p,i-sequence. Then, we define 



Similarly, as for /i in the case 2 < p < oo, it is easy to see that /g G H^+pluj] C VTp'^. By 
Lemma [4. 3[ we have 



> 



-(p+q)-i 



!/=l 

OO 



> C(/?)5^(A,+i-A,)cu(l/z/) = oo, 



i/=i 



this contradicts /g G PVp''^. This completes the proof of the necessity in (fT^ . 

Step 7. We will prove the necessity in (fT3j) for the case sin ^ ^ 0. Let H^_^_J.[uJ] C 
Wp'^^Half]. Let e be a ga+r, i(co')-sequence. So, fHTj) holds for a + r instead of a and 1 instead 
of e. Since sin ^ ^ 0, 



+ cos — — 



i:(A.«-A.).(i)H-|sin^|f;A„^ 



< C{a, f3,r)l J2 + 5^ A,£,z/"-i =: /?, r) (Ji + J^) . (62) 



v^i/=n+l i/=l 

We will use several times the following evident inequalities: 

i^a(f,-) ^uJa(f+,-) +uja(f-,-) , whcrc f±{x) := •^^^^ 
V n/p V n/p V n/p 2 

Step 7(a): p = oo and cos ^ 7^ 0. Then by LemmaEHl we write ^ /7+^'' := (/y^'^"*),,. j 



(63) 



n/ p \ 71/ p 



> ri-)(/(i'^))(0) >C{a,P)J2. (64) 

p 

By ((201) and X] Ofc < 4E„(/)oo (see IHa^l ), we have 

-) > Cia)E[n^ifi'/\ > C(a,/?)Ji. (65) 
^ n/ V 



k=2n 



We have aheady proved that G H'^j^j.[uj\ C W^p'^ifo, Collecting inequalities ((M|) . (jHSj), and 
fl62|) . we arrive at the right-hand side of (fT3|) . 

Step 7(b): p = oo and cos ^ = 0. If cos ^ 7^ 0, then we use and 



71/ p V 



If COS ^ = 0, then /y = ±/7+ and 



> C(a)%(/(f )), > C(«,/?)Ji. 



To obtain the estimate of J2, we define 



/io(a;) = y + (f^i - ^2) cosx + ^ (£2" - £^2"+!) cos2''a;. 



It is clear that En{fio)p < £^n+i- 

Then, by (jUD, we have /lo G C Using 

(/, ^) > C(a)n-" Ki"^/) and Lemma lOl we write (2™ < n + 1 < 2™+!) 

m 

> Ci(a,Ar)2-"^"EA2.2^°£2-' -C2(«,/?,r)A2™+i£2-+i. (66) 

;/=0 

Concurrently, cOa (^fio'^\ > C(a;, /9)A2m+ie2'"+i- Then, we get 



and by (j63|l . 



C(a,/?,r) 



Ji + J2 



p{A,/3) 



O 



if - 
n 



(67) 



The necessity in fll5|l follows. 

Step 7(c): p = 1 and cos ^ 7^ 0. We use the function /e. We have /e G H'^j^^luj] and by Lemma 



00 



v=n+l 



> C{a,f3)i ^ A^— -a„+iA„- ^ (A;, - Aj^^i) 

\i/=n+l u=n+l 

On the other hand, 

1 / oo \ 

t^a(/i^'^\-) > C'(a,/3,r) j a„+iA„ + ^ (A^ - A^_i) a^, j . 
The last two inequahties imply uja{fl^'^\ > C{a, [3,r)Ji. Also, 

^ 71/ V V 



nJ p p 



(6^ 



Step 7(d): p = 1 and cos ^ = 0. If cos ^ ^ 0, then we use uja{fp^\}^)^ > C{a,p,r)Ji and 

\ Tl/ p p 

If COS ^ = 0, we consider /g + /g. Using Lemmas 13. II and Wl[ we have 

n 
u=l 

Since (/f i)^ > C(a, /3, r)A„£„, then ^„ (/("'^^ i)^ > C(a,/?,r)J2. Thus 



C(«,/3,r) 



Jl + ^2 



< (/6 + h) 



(A,/3) 









-) 











i.e., the necessity in flT3j) follows. 

Step 8. We will prove the necessity in (fT3j) for the case sin ^ = 0. Let if^_,_r[co'l C 
PVp and e be a g^+r, i(ci;)-sequence. Since sin ^ = 0, we have from 



+ cos 



< C{a,P,r)i J2 A, (e, - + n-" X A,£,z/"-i 

\i/=n+l 

=: C(«,/?,r)(J3 + J4). 



(69) 



Step 8(a): p = 00 and cos ^ 7^ 0. By the Jackson inequality and Lemma [4.31 we have 

u^a (fio'^\ ^) > C{a, (3) f2 A2. {e,. - e,.^.) . (70) 



We also note that by Lemma ()4.3|) . (jU7j) holds for all a > 0. This and (fTOj) give cj^ yfio'^\ ^ 

C{a,/3) (J3 + J4). Using condition (jHSD and /lo G H^+A^] C Vrp^'^i/^^fy?], we arrive at the rela- 
tion in the right part of (|15|). 

Step 8(b): p = 00 and cos ^ = 0. Then we consider /lo and /n := /lo- It is clear that /n G Lp 
and /10 + /11 G Nevertheless, (^fi'/\ ^) ^ > C{a,(3)J,, -L.^^ > 

C{a, /5) J4, and 00^ ^) + (/^^^^ ;itt), ^ ((/lo + /ii)^''^^ , • 



Step 8(c): p = 1 and cos ^ 7^ 0. Since f^^'^\x) ~ ± ^ Xi^b^sinux, by Lemmas l3. II and Wl\ 



u=l 



we write (see Step 7(d)) 

cOa(ft^\-) >C{a)n-- V^^\ftj^^)i-) >Cia,P)J,. 
Also, by Lemma f4. II and the Jackson inequality ()20|) . we have 



(71) 



' 1 iy=n+l 



u=n+l j=2u-l 
00 

> C{a,f3,r) ^ (ej - £:j+i) A^. 

j=4n— 1 

Using the properties of modulus of smoothness, we get (fTH|) . 

Step 8(d): p = 1 and cos ^ = 0. We use that /12 := fs G Li and En{f\2)p < C'^n+i (see jHej). 
Then /s + /12 G and (/("'^\ i)^ > C(a,/3)J3, (/S'''^ > C(a,/5)J4. This 

completes the proof of Theorem 1. 



5 Corollaries. Estimates of transformed Fourier series. 

Theorem 1 actually provides estimates of the norms and moduli of smoothness of the trans- 
formed Fourier series, i.e., the estimates of ||v?||p and uja{'^, '5)p, where 99 ~ (t(/. A), by uj^{f, 5)p. 
Analyzing Theorem 1, one can see that the following two conditions play a crucial role. The first 
is the behavior of the transforming sequence {A„} and the second is the alternation between 
Lp, 1 < p < 00 and Lp, p = 1, 00. 

We will investigate in detail some important examples for Lp, 1 < p < 00 and for Lp, 
p = 1, 00, separately. 



1. The case 1 < p < 00. 

Theorem 2 Let 1 < p < oo, 9 = min(2,p) r = max(2,p), a G R+, and A = {A„} be a non- 
decreasing sequence of positive numbers. Let p be a non-negative number such that the sequence 
{n~^A„} is non-increasing. 
I. If for f E Lp the series 

XI (-^"+1 ~ '^") ( ) 

n=l ^ "-^P 



converges, then there exists a function ip E with Fourier series a{f, X), and 

y\\, < C'(p,A,a,p)|A?||/||J + fj(A^,^,-A^,)c.^^,(/,i) ] , (72) 



(v^, ^) < C{p, A, a, p) g .(^+-)^ (.-^A^ - (. + 1)-^A:^0 (/> ^) 

II. If for f E Lp there exists a function (p & Lp with Fourier series a{f, A), then 



(73) 



K\\f\\; + p^{K+i-K)^:-,,(^f^) j < c{p 
^^'^"^^ i^'^^^i -^^+ ^y^K+i) (/, ^) 

(-^n+l - -^n) ^a+p ( /' - ) + A^+l^^a+p ( /, - ) [ 
v=n+2 \ '^/p V ^Vpl 



A,a,p)||(^||p, (74) 
+ (75) 



< C(p, A,a,p)a;„ ( V2, 



+2 \/p ^^p; \'/p 

c^a+p(/,^) < C(p,A,a,p)M!, (76) 
^.+p(/,^) < C(p,A,a,p)^^^^i^. (77) 



Inequalities (f7^ -(f7S j) and (fTUjl - lfTTj) were proved in Theorem 1 (see the sufficiency in part I). 
To prove (fTIjl -lfTS j) . we use similar reasoning, applied to the theorems by Littlewood-Paley, 
Marcinkiewicz, and the Minkowski's inequality. 
As an important corollary of Theorem |2l 

Corollary 1 Let 1 < p < oo, 9 = min(2,p) r = max(2,p). Then, for any k,r > 0, 

It ^) J ^ ^' i'"' ^)/-'' It ^) J • 

where Ci = Ci(p, k, r), C2 = C2{p, k,r),n G N. 

The last two inequalities are an improvement compared to (0) and ((Tj). Indeed, by properties 
of the modulus of smoothness and by the Jensen inequality, 

y=n+l ^ ^ P J u=n+l ^ ^ P 



Example. Let ip{t) = fln'^{l/t) and 2 < p < oo,^ < A < 1. For Uk+r {f,t)p x ip{t), (0) 
and dZj) give only Cln-^(l/t) < ook and JZHI) gives Ci ln-^+^/P(l/t) < ujk {f^"\t)^ < 

C2 ln~"^'^^^^(l/t), which is superior. 

Proof of Corollary [T] is obvious from (fTSj) and (fTSj) with r = p, because if / G Lp, 1 < p < 00, 
then /M ~a(/,A) for {A„ = n^'}. 

From (0) and (f7S|) . one can see that it is natural to estimate cUa {f^"'\ S)^ by cUa+r (/, t)p- 
Further analysis allows the distinction between three different types of such estimates. It will 
be convenient for us to write inequalities in integral form: 

1. 7 = r (see Corollary H}^ 



t)pdtj « cu„(/M, 5)p « |y t--^-icu,\ J/, t)pdt } ; (79) 
2. 7 = r — e, 0<e<r (see Theorem |2] for p = r and A„ = rf 

t'^'-'^'W^^^if, t)pdt + 5^^ I t)pdt ) « u:^{f'-'\ 5)p, (80) 



3. 7 = r + e, < £ < a, (see |Po-Si-Ti,l| ): 



I j t-(--^)--^c^^(/(^+^),t),dt| « jl t"('-+^)^-i<J/,t)prft| . (83) 

One can consider a more general sequence than {A„ = n'^}, 7 > 0. Let us define {A„(s) : = 
A(s, i)}, where 

and non-negative function ^(n) on [0, 1] is such that m'"*^(m) is summable. 

The sequence {A„ = An{s)} is often considered a transforming sequence. 
Example. 1. {A„ = n^}, < 7 < r; 2. {A„ = n*" In"^ n}, A > 0; 3. {A„ = In^ n}, A > 0. 

Properties of A(s, t): A(s,t) is non-increasing on t, A{s,r,t)t^ is non-decreasing on t. By 
these properties and Theorem |21 one can obtain the following estimates, which are more general 
than dHOll-dHII) (see also [Po-Si,!] , |Po-Si,2| ). 

®Here and further t = max(2,p),6' = min(2,p). We will write Ai < A2, if Ai < CA2, C > 1. Also, if 
Ai < A2 and A2 < Ai, then Ai x ^2. 



Theorem 3 Let 1 < p < oo, 9 = min(2,p) r = max(2,j9), a,r > 0, and A = {A„(s) 
A(s, j^)}, where A(s,t) and C,(t) were denoted above. 
I. If for f E Lp the integral 



h :-- 



is finite for s = 9, then there exists a function (f E Lp with Fourier series a{f,A), W^pWp < 
C{p, ^, a, r, s)Ii, and 



5 t 

rs—l 



00a < C{p,^,a,r,s){ t~^'-' u'-^a^) duoo^^^^t) dt 







1 1 

as I j.as—1 



+ 6"' / t 



^(m) du uj'^^{f,t)pdt 



CIo 



^5) 



t 



II. If for f (z Lp there exists a function E Lp with Fourier series a{f,A), then for s = t 
WvWp > C{p, ^, a, r, s)Ii, and Ua (v?, 5)^ > C{p, ^, a, r, s)l2. 

In a similar way we can generalize inequalities (j82j) -(|83| ) . 

Theorem 4 Let 1 < p < oo, 9 = min(2,p) r = max(2,p), a,r > 0, and A = {A„(s) : = 
A(s, j^)}, where A{s,t) and C,{t) were denoted above. 
I. If for f E Lp the integral 



is finite for s = 9, then there exists a function (f E Lp with Fourier series a{f,A), \\(p\\p < 
C{p, ^, a, r, s)/3, and for any ai > a 

h{T,s)=: <;5(^+-)-A-(s,r,5) / i^^^u;;^^^(y,,t)pdt} < C{p,^,a,a^,r, s) 



5 t 



A{s,r,6)u;r+a{f,6)p+{ f-^'-' u'^^u) duu;'^^M,t)pdt 











=: Ch{9) (86) 



II. If for f E Lp there exists a function (f E Lp with Fourier series a{f,A), then for s = t 
and for any ai > a \\^\\p > C{p, A, a, r, s)/3 and Ii{s, 9) > C{p, ^, a, ai, r, 5)15(5). 

2. The case p = 1, 00. 

Estimates uja{(p,t)p by Ur+a{f,t)p for this case follow from Theorem 1 (see part II). We will 
write only the commonly used estimates of uja{f^'^\t)p and uJa{f^'^\t)p by uJr+a{f,'t)p- 



Corollary 2 If p = 1, 00, then (0), ^ are true for any k,r > 0. 



As a corollary of Theorem 1 for {A„ = n^}, p > and (3 = p + 1, 
Corollary 3 Let p = 1, oo. One has 



< oo. 



For p = 1, p = and a = 1 Corollary El gives the answer for the question by F. Moricz |Moj . 
Also, we mention the papers |Be,S,l| , |Ha-Shj . [?yt| . where the embedding results were obtained 
in the necessity part. 

Corollary 4 Let p = I, oo, and r,a,e > 0. 

I. If for f E Lp the series ^ v'^'^Ur+a+e {f, converges, then there exists f^"^^ G Lp, and 



u=l 



\ u=l u=n+l / 

II. If for f E Lp there exists f^"^^ G Lp, then 

u^r+a+s(f,-) <^^^^^u;Jf^^\-) , neN. (87) 



Using direct and inverse approximation theorems, we can rewrite inequality in I in the following 
equivalent form (compare to |Ba-Stp : 

oo 

Corollary 5 Let p = I, oo, and r,a > 0. If for f E Lp the series J2 J^^~^Eu (/)p converges, 
then there exists f^^^ G Lp, and 

/ n oo \ 

^ \ u=l v=n+l J 

6 Final remarks 

1. The Weyl class Wp'^ coincides with the class of functions from L(0, 27r) such that their 
Fourier series can be presented in the following form 



ao(/) 



2tt 

oo 



+ ^-^ j i){x-t)cos{vt-'^^dt, ^{x)eL^. 



Further, consider the case when 



cos ut — 



is the Fourier series of a summable function Dx,p(t). For example, it is so if {Aj, t oo} (^ T); 

oo 

and < Then the elements of Wp'^ can differ only by the mean value from functions 

u=l 

/, which have the following representation by convolution, 

f{x) = ^j4j{x- t)Dx^p{t) dt, tPix) G L°. 





Here, if) coincides almost everywhere with f'y^<l^\ See, for example, |Bu-Ne| Ch. 11]. A repre- 
sentation by convolution was first considered in |5z] . 

2. The generalization of is the class 

Wi^^E[S] = {/ G W^^^ : (/(^■^))^ = O m/n)] 

We do not consider in this paper the embedding results between Wp'^E[^], W^'^ Hjyip] and 

E[ip\ = iyj^^'°E[(y9]. We only notice that some results of such types follow from direct and 
inverse theorems (^Q)-®- Also, we mention the papers and |Ug| . 

3. The results of sections 2 and 5 can be generalized to a multidimensional case. We only 
write here the following estimates for the mixed modulus of smoothness ujai,a2{f^^iy^2)p of a 
function / (in the Lp metric) of orders ai and a2 (ai, a2 > 0) with respect to the variables xi 
and X2, respectively (see, for example, |Po-Si-Ti^ ). 

Theorem 5 Let f{xi,X2) G L'^, 1 < p < oo, 6 = min(2,j9),r = max(2,p), and let ai,a2, 
ri,r2 > 0, 
I. // 

1 



,0 

then f has a mixed derivative in the sense of Weyl /('"i'^2) ^ 

\\f'''''^\r,<C{p,r,,r2).h{e), 

and 

j j tr'''-hr''-'uj',,+a,,r2+Mil,t2)pdt^dt2 


=:CJ2{e). 

II. /// has a mixed derivative in the sense of Weyl /(''i'^'2) £ L^, then 

Ji(r)<C(p,ri,r2)||/('-^'^^)||„ 

and 

■Mr) < C{p,ai,a2,ri,r2)uJai,a2if^''''''^\Si,S2)p- 

Theorem 6 Let /(xi, X2) G L^, p = I, oc, and let ai, 02, ri,r2 > 0. 
I. // 

1 1 

J3 := y y^l^^ ^^2''^ ^^ri+ai,r2+a2{f i'^li'^2)pdtidt2 < OO, 


then f has a mixed derivative in the sense of Weyl /(^i'^2) ^ j^o^ 

\\f'~'-''''^h<Cir,,r2)Js, 

and 

5i 82 

^ai,a2{f^''^'''^\Sl,S2)p < C{ai,a2,ri,r2) / / t^''^'H2''^~^UJri+ai,r2+a2if7tl^t2)pdtidt2. 







II. /// has a mixed derivative in the sense of Weyl /('"i'^'2) g L^, then 
and 



See IPo-Si-Ti^ for the estimates of transformed series in a multidimensional case. 
4. In view of inequalities (jZHl) and (jHUjl - (|HH|l . the problem of finding the estimates of Ua {f, t)^ 
by Ua+r if, t)p arises such as in the case ~ (t(/, A) with A„ = hi^ n. If A < (that is the 
analogue of the case A„ = n^~'^), then estimates Ua {^p, t)^ follow from Theorem El For example, 
if p = 2 and ~ cr(/, rf In"^ n), A < 0, then 

<5 1 

r f-2r-l r f-2{r+/3)-l 

X J ^;^iArm<^(f^ t), dt + 6'^ J j^^TT?^<,(/, t)2 dt. (88) 

Note that the only difference between ()88p and ()80 p - (jST|) is related to the replacement of 
by In"^ n. 

The case A > (that is the analogue of the case A„ = n''"'"^) is interesting. For p = 2 and 
(f ~ (t(/, In"^ n), A > we have 



1 s 
S'' In^^ (I) / J^r(2) ^g(^^ + ^?(^, X / 1-'^-' In^^ (7 ) t)2 dt. (89) 



Comparing this with the estimates (j82p - (j83p one can remark that the ne w item oo'^{ (p, 6)2 has 
appeared in (jH^I) . Thus, this case has essential distinctions. See for detail Po-Si-Ti,'2l , |Ti,S,l| . 

5. Defining the class Wp'^^Halip] we assumed that (p G $q,. This restriction is natural for a 

majorant of the modulus of smoothness of order a (see |Ti,S,3| ). 

00 

6. In Theorem 1 (item II) we used the inequality ^ ^ < y-. We remark that it is 

i/=n+l 

equivalent to the following condition: there exists e > such that the sequence {n~^A„} is 
almost increasing, i.e., n~^A„ < Cm~^Xm, C > 1, n < m. This and other equivalence results 
can be found in |Ba-Stj and Ti,S,2| . 
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